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j              the latter plan, and two definitions naturally present themselves.
'j                  First, using an auxiliary hyper-space of as many dimensions as
j              the system of curves exhibits, an ocr system of curves on an alge-
'!              braic surface is called linear if its elements (the individual curves)
I              can be put in correspondence one-to-one, projectively, with the
|              hyper-planes of a space of r dimensions, Sr.
'                  Second, using no auxiliary outside the points of the surface
s              itself, an oor system of curves on an algebraic surface is called
;              linear if through r generic points of that surface there passes one
;|              and only one curve of the system.    This definition is to be used
1              only when r > 1.    For if r = 1, the generators of a ruled sur-
j              face would fall under this definition, and one sees immediately
,<\               the impropriety of calling them a linear system.
*(                  Notice that a system linear under the first definition must also
|              be linear under the second.    For by relating curves to hyper-
f              planes we relate the algebraic surface F to a new surface F' in
I              $., as explained in the preceding chapter; and through r points
|              on F' there will pass one hyperplane, hence through r points in
I             F there will pass one curve of the system and no more.    The
|             first definition therefore  includes the second;   does the second
|             include the first?    We shall show that it does, so that the two
3             definitions shall be proven equivalent for all cases except r = 1,
::|             that is, for all except linear sheaves or pencils.    The proof is
4f             essentially that of Enriques * as presented by Segre.f
J                 Two lemmas may well precede the theorem.
;|                LEMMA 1.   Projectivity of two flat spaces.   Two flat spaces of n
:|            dimensions, Sn and $'t, can be project!vely related by assigning
*'             to any n + 2 generic hyperplanes or $n_/s of the first any n + 2
generic /S^'s of the second, one to one, as corresponding forms.
The proof is by mathematical induction ; to gain a clear idea of it,
||            state it for points instead of hyperplanes, and model the transition
from Sn and S'n to Sn+l and S'n+l upon von Staudt's J transition
* .Enriques : "Una questione sulla linearifal del sistemi di curve appartenenti ad una superficie algebrica."    Rome, Linen .Rendiconti, July, 1893. t Segre: LOG. cit. in Annali di Matematica, ser. 2, vol. 22, \ 27. J von Staudt: Geomelrie, der Laye, p. 69.